INTRODUCTION
As an electron bunch travels through a transport system, fluctuations in the energy loss of individual electrons cause the size of the bunch to grow. I
give here a calculation of the quantum-induced growth of the emittance of a beam in one transverse coordinate, making the following approximations:
that the transport system is linear; (2) that there is no coupling between the two transverse motions; and (3) that the radiation effects can be described by their values on the central design trajectory. This last assumption means that I am considering systems in which the quantum effects from bending magnets are much larger than from the focussing lenses.
It will be convenient to assume that the central design trajectory of the transport system lies in a plane -taken to be horizontal. This trajectory can be characterized by its curvature function G(s) = l/p(s), where s is the distance along the trajectory. I will take that the longitudinal coordinate s extends from zero at some specified "input" of the transport system to s=L at a specified "output" point -which for SLC we may think of as the collision point. The transverse coordinate x(s) will specify the horizontal displacement of any particular trajectory from the design one. I will be concerned only with motion in this coordinate, and in the x-emittance -namely the phase area in the x-x' plane.
PHOTON INDUCED TRAJECTORIES
Suppose that an electron travels along the design trajectory until it reaches the position sr at which point it emits a photon of energy u. Its subsequent motion will depart from the design trajectory, and it will arrive at the end of the transport sgstem -at s=L -with some displacement AXL and slope Ax;. (By Ax; I mean d(Ax)/ds evaluated at s=L.) Both AXL and Axi are proportional to the photon energy u and depend on the focussing matrix from si to L. So let me write
where El is the electron energy at si Because of my assumption that the transport system is linear, an electron that had had some displacement from the design trajectory when it emitted the photon would have a chance in XL and xi at the output which would still be given by Eq. (1) .
It follows that an electron which starts along the design trajectory at the beginning of the transport system and emits a number of photons along the way will have the total displacements in phase space XL and xi, which are just the sums of the individual contributions. The increments AXL and AxI, are, of course, stochastic quantities, each depending on the chance event of the emission of a photon. So also the sums XL and xi are stochastic quantities, and we can make, at most, some statistical conclusion about them.
Say, for instance, that we were to launch a very small pencil beam into the system on the design orbit. We already know that the averages (x) and (x') will be zero by design. So we will be primarily interested the second moments: (xi) (the mean value of the square of the displacement); (x2) the mean square slope; and (XX') the covariance. From these quantities we will be able to determine the nature of the quantum-induced emittance.
It turns out, as I will show later, that these same quantities will also allow us to find the emittance growth of a beam that enters the system with already a finite phase area.
I turn now to an evaluation of these useful statistical quantities. 3 
STATISTICAL QUANTITIES
As an electron moves along its trajectory it is emitting photons of energy between u and u + du at the rate n(u, s)du. The s-dependence enters because both the power radiated and the spectrum shape depend on G(s), the local curvature of the design orbit."' (It is here that I make the approximation that the radiation depends on G(s) rather than the actual curvature of the trajectory.)
The probability that a photon will be emitted in the path increment ds = cdt with an energy in the interval du is then
The expected number (N) of photon of all energies to be emitted as an electron traverses the whole system is (N) = i jdS ph n(u,s). 
where (N) is the mean number of events, and (z2) is the mean square of the increment sizes (an intuitive justification for this formula is given in Appendix The integral over u can now be performed. Following Ref. 2 we get that
where 55 retie Cz==(me2)6 = 4.13 x 10-11m2(GeV)-5.
Then the evaluation of (xi) is reduced to a single integral over the trajectory.
where G, E, and D are all functions of s. In some cases where E varies little, it will usually be satisfactory to replace it by some average value E, and take it out of the integral. Then
Clearly the variance of the slope xi can be obtained in exactly the same way
And the covariance of XL and xi is obtained by replacing Ax; in Eq. (5) by
Ax~Axi.
(This formula is also justified in Appendix A.) Then
E5G3DD+ds.
(12)
Finally, I should remark that these results have been obtained ignoring any radiation anti-damping -which I assume to be small. Also, this result does not take into account any radiation in quadrupole (or other) lenses, since radiation is assumed to occur only according to the curvature of the design trajectory.
ALTERNATE FORM FOR THE FLUCTUATIONS
Instead of characterizing the transport system by its "residual dispersion" 
so that A~(s, L) is the betatron phase advance from s to L.
Let me put all of these results in a final form which will probably be the most convenient for understanding the dominant contributions to the fluctuations.
Since it is now clear that I am concerned only with the fluctuations at the output of the transport system (for SLC, the interaction point) let me now drop the subscript "L" and use instead "q" to identify the quantum source of the effect. Incidentally, the method outlined here can be used to investigate the quantuminduced energy spread, time spread, and the correlations of these with x. I will, however, defer these matters to a later note.
BEAM EMITTANCE
The three variances calculated in Eqs. If the input beam has already a significant emittance at the input, we can obtain its emittance at the output by folding it with the quantum-induced emittance according to a proceedure I will outline.
Let me first introduce a vocabulary I find convenient. I will mean by the words "the emittance" and the symbol e the set of the three elements (x2), (x'~), and (xx'). And with them I also include the concept of the phase ellipse in the x-x' plane. I may then speak of an "upright" or "tilted" emittance according to whether (xx') is zero or not. I will use the expression "the magnitude of the emittance", and the symbol e (note underline) to refer to the single quantity defined in Eq. (22).
My parameters can be put in correspondence with those of the phase ellipse described in TRASPORT'31 as follows In general, there is no simple relationship between the magnitude of the resultant emittance e, and the magnitudes of its two contributions e, and ep. If, however, the two covariances (xaxL) and (x9x:) are each zero -that is, if both emittances happen to be upright ellipses -there is a rather simple connection.
Let me indicate by l/p the aspect ration of an upright emittance; that is, (a; = a,/p).
(Please note that p is a property of the beam, not of the lattice.) In general, the aspect ratios of the emittances e, and eq may be different. I can now write for the magnitudes of e, and e* ea = WBa (244
Pb)
From these we can get a formula for the resultant magnitude. Using Eqs. (22) and (23), e2=e2+e2+e e (&+h) -r -a -q -0-q Pa P* (25) Notice that the quantity in parenthesis is always at least as large as 2, and only takes on its minimum value of 2 when & = Pa -that is, when the emittances are geometrically similar. In that special circumstance Eq. (25) becomes simply For given magnitudes, ea and e+, the resultant magnitude is a minimum if the two emittances are similar; and that minimum value is just the sum of the two component magnitudes. Although I have demonstrated this last result only for upright emittances, it is not difficult to see that it must also be true even if the emittances are tilted, so long as they are similar. 
Appendix A -Statistics of Poisson sums
I try to give here a plausible justification for Eqs. (5) and (6) for (x2), and the related formula for (xx'). We have a random time sequence of events each of which I can characterize by the proiected displacement and slope Ax and Ax' the event will produce at the output point s = L. And we are interested in the total random walk that will result at a given time T (the time for an electron to traverse the system). Namely,
where the Axi are samples of a random variable 6x, where N, the number of steps, is also a random variable with Poisson statistics, and where x0 is the average value of the sum, which we subtract to make (x) equal to zero. It seems fairly clear that xo = (N)(Ax) (A4 so I won't belabor the point.
The variance of x is a little more tricky. What I want to show is that f-7; = (N)(as2) (9 with the average suitably defined. At At
Or, letting At be arbitrarily small,
This is the theorem needed to justify Eqs. (5) or (6) in the text.
If we chose to discribe the distribution of the Ax in terms of n(u,t) the rate at time t of the emission of photons with energies between u and u + du, we would have that Clearly the same arguments can be applied to the variables x' and Ax'.
The covariance (xx') is perhaps less familiar, but it turns out that a nearly identical set of arguments is valid. Here, however, let me point out that if you On the other hand, we can also write, crf in terms of the variance of x and x'.
Using the general relation (A5) for y.
Equating the right-hand-sides of Eqs. (All) and (A12), we obtain Eq. (10). In the text, (x) and (x') are zero, so there, (XX') = (N)(AxAx'), (Al31 the relation that was used to obtain Eq. (12) of the text. 
Appendix B -Emittance and Convolution
For an x-emittance which is bi-gaussian in x and x' the magnitude of the emittance is usually defined as l/r times the area of the contour along which the beam density has dropped to l/e of its central value. It can be shown that for such an ellipse which is centered at x = x' = 0, the magnitude of the emittance is given by g2 = (x2)(x'2) -(xx')2
The correlation coefficient r is defined by (Bl) so the emittance can also be expressed in terms of r by 2- g -U~U~ d-c-7. w
This last form may be more familiar, but is less convenient for present purposes.
I show here that when two diffuse emittances are convoluted, the variances simply add linearly.
Suppose a beam of emittance ea is smeared out in such a way that each pencil of rays is given an emittance eb, and we want to know the resultant emittance e of the beam. The smearing has the property that the coordinates of each particle become X = Xa + xb x' = x'a + x'a, w where xa and XL are the coordinates in emittance a, and xb and xi, in emittance b. The variables xa and XL may, in general, be correlated random numbers as well 16 as xb and XL. But I want here to assume that coordinates in ea are uncorrelated t0 those in et,, which means that xa and XL are independent of (uncorrelated with) xb and xb '. With these assumptions, when I take the second moment the mean of (xaxb) is equal to (Xa)(xb), which by our postulates is zero, so that (x2) = (x2) + (xi).
P5)
A similar result applies to (x'~). For the covariance, The results of this Appendix are presented in a more general form in a report by M. Della Negra"' .
